Abstract: In aim of this paper is to prove the random version of Suzuki fixed point theorem in a separable metric space. Our main result generalizes the results of Bharuchareid [1] and Suzuki [22] . Moreover, we show that these maps satisfy property P. Application to certain class of random functional equations arising in dynamical programming is also obtained.
Introduction
The research in random fixed point theory has received much attention for url: www.acadpubl.eu the last two decades, especially after the survey article of Bharucha-Reid [1] . The survey article by Bharucha-Reid [1] in 1976 attracted the attention of several mathematicians and gave wings to this theory. Bharucha-Reid proved the stochastic version of the well-known Banach's and Schauder's fixed point theorem and hence random fixed point theory and applications have been developed rapidly in recent years, see e.g., Bharucha-Reid [1, 2, 3] , Itoh [20] , Papageorgiou [17] , Sehgal and Singh [24] , Sehgal and Waters [23] , and Lin [21] . Random fixed point theorems of Bharucha-Reid [1] are useful for proving the existence results for random solutions of nonlinear random equations in separable Banach spaces. On the other hand, the study of random fixed points and random approximations have gained tremendous importance after the publication of papers by Beg [8, 9] , Beg and Shahzad [10, 11, 12, 13, 14, 15] , and Xu [6, 7] .
The classical Banach fixed point theory states that "every contraction on a complete metric space admits a unique fixed point". Many fixed point theorems have been proved by various authors as generalizations of this result. In 2008, Suzuki [22] introduced a new type of mapping and obtained the following interesting and simple generalization of Banach contraction principle:
Let (X, d) be a complete metric space and let T be a mappings from X into itself. Assume that there exists r ∈ [0, 1) such that for every x, y ∈ X.
Then there exists a unique fixed point z of T . Moreover, lim
Subsequently, Theorem 1.1 was generalized and extended in various ways (see [4, 17, 19] ).
In this paper, we prove random analogue of Suzuki fixed point theorem. We also show that these maps satisfy property P. At the end, we obtain application regarding the existence and uniqueness of solutions of certain class of random functional equations arising in dynamical programming.
We now give some basic definitions and notations which will be required in the sequel.
Let (X, d) be a separable metric space and (Ω, Σ) be a measurable space with Σ being a sigma-algebra of subsets of Ω.
We denote the nth iterate T (ω, T (ω, T (ω, . . . , T (ω, x)))) of T by T n (ω, x). The letter I denotes the random mapping I : Ω×X → X defined by I(ω, x) = x and T 0 = I.
Definition 1.4. A measurable mapping g : Ω → F is the random fixed point of the random operator T : Ω × F → X if and only if T (ω, g(ω)) = g(ω), for eachω ∈ Ω. We denote the set of random fixed points of T by RF (T ). Example 1.5. Let Ω = [0, 1] and Σ be the sigma algebra of Lebesgue's measurable subsets of Ω. Take X = R with d(x, y) = |x−y|, for x, y ∈ R. Define random operator T from Ω × X to X as, T (ω, x) = ω − x. Then a measurable mapping ξ : Ω → X defined as ξ(ω) = ω 2 , for every ω ∈ Ω, serve as a unique random fixed point of T . Definition 1.6. Let F be a nonempty subset of a separable metric space X. The random operator T : Ω × F → F is said to be k(ω)-contraction random operator if for any x, y ∈ F and ω ∈ Ω, we have
where k : Ω → [0, 1) is a measurable map. Definition 1.7. Let T : Ω × X → X be a random operator with random fixed point set RF (T ) = φ. Then T is said to have property P if RF (T n ) = RF (T ), for each n ∈ N . Equivalently, a mapping has property P if every periodic point is a fixed point.
An interesting fact about maps satisfying property P is that none of these maps have any non-trivial periodic points. Some papers dealing with property P are [5, 18] .
Main Results
Theorem 2.1. Let X be a separable complete metric space and (Ω, Σ) be a measurable space. Let T : Ω × X → X be a mapping. Define a non-increasing function θ from [0, 1) onto (
Assume that for all ξ, η ∈ X and ω ∈ Ω,
where r : Ω → [0, 1) is a measurable map. Then T has a unique random fixed point.
Proof. Since θ(r(ω)) ≤ 1, so
holds for every ξ ∈ X and ω ∈ Ω. Thus by (1), we have
Let ξ 0 : Ω → X be any fixed measurable mapping. Define the sequence of measurable mappings
where n ∈ N . Now, for any ω ∈ Ω, we obtain from (2) that
and hence
Therefore {ξ n (ω)} is a Cauchy sequence in X for every ω ∈ Ω. Since X is a complete metric space, so ξ n (ω) → u(ω) for every ω ∈ Ω, where u : Ω → X being the limit of the sequence of measurable mappings is measurable.
Next, we show that
For ξ ∈ X − {u}, there exists a p ∈ N such that
Then we have
Thus using (1), we get
Letting n → ∞, we get
Thus (4) holds for all ξ ∈ X − {u}. Now, we prove that u(ω) is a fixed point of T . We have two cases:
Suppose on the contrary that T (ω, u(ω)) = u(ω). We first prove that
and T n (ω, u(ω)) = u(ω) for all n ∈ N.
For n = 1, (5) holds. For n = 2, (5) follows from (2). Now, we assume that (5) holds for some n ∈ N with n ≥ 2. Since
Thus, we have
Using (1) and (4), we have
Thus by induction, (5) holds for everyn ∈ N . By (5), lim
On the other hand from (5), we have T n (ω, u(ω)) = u(ω), so applying (4), we get
Letting n → ∞, we get lim
which is a contradiction. Therefore, we have T (ω, u(ω)) = u(ω).
then we have
which is a contradiction. Hence either
holds for every n ∈ N . Using (1), we have either
holds for every n ∈ N . Since {ξ n (ω)} converges to u(ω), the above inequalities imply that there is a subsequence of {ξ n (ω)} which converges to T (ω, u(ω)). Thus T (ω, u(ω)) = u(ω) therefore, we obtain T (ω, u(ω)) = u(ω) in both cases. From (4), we obtain that the fixed point of T is unique.
The following random contraction mapping Theorem of of A. T. BharuchaReid [1] . follows directly from Theorem 2.1.
Corollary 2.2 ([1])
. Let X be a separable complete metric space and (Ω, Σ) be a measurable space. Let T : Ω × X → X be a mapping. Assume that T is a k(ω)-contraction random operator for all ξ, η ∈ X and ω ∈ Ω, where k : Ω → [0, 1) is a measurable map. Then T has a unique random fixed point. Now, we shall show that maps satisfying (1) possess property P.
Theorem 2.3. Under the conditions of Theorem 2.1, T has property P.
Proof. From Theorem 2.1, T has a random fixed point. Therefore RF (T n ) = φ for each positive integer n ≥ 1. Fix a positive integer n > 1 and let u(ω) ∈ RF (T n ), we claim that u(ω) ∈ RF (T ). Suppose that T (ω, u(ω)) = u(ω). Then
Using (1), we have
Continuing like this, we have
which is a contradiction, hence u(ω) ∈ RF (T ). Therefore T has a property P.
Application
In this section we prove existence and uniqueness of solution for a class of random functional equations using Theorem 2.1. Throughout this section, we assume that U and V are Banach spaces, W ⊂ U , D ⊂ V and R is the field of real numbers. Let X = B(W ) denote the set of all the bounded real valued functions on W with the metric defined as d(h(ω), k(ω)) = sup w∈Ω |h(ω) − k(ω)| where h, k : Ω → X are measurable mappings. Then (X, d) becomes a complete metric space. Let (Ω, Σ, p) be a given probability space.
We will study the existence and uniqueness of a solution of the following functional equation
where x : Ω → W and y : Ω → D represent the random state and decision vectors respectively, τ : W × D → W represents the transformation of the process and p(x(ω)) represents the optimal return function with initial state.
Let a function θ be defined as in Theorem 2.1 and let the mapping T : X × Ω → X be defined as
Theorem 3.1. Suppose that for every (x, y) ∈ W × D, h, k ∈ X and ω ∈ Ω, the inequality
where r : Ω → [0, 1) is a measurable map. Then the functional equation (6) has a unique bounded solution in X.
Proof. Let λ be an arbitrary positive real number and h 1 , h 2 : Ω → X. For x(ω) ∈ W , we choose y 1 (ω), y 2 (ω) ∈ D and ω ∈ Ω so that
Where τ 1 = τ (x(ω), y 1 (ω)) and τ 2 = τ (x(ω), y 2 (ω)).
From the definition of mapping T and equation (7), we have T (h 1 (ω), ω) ≥ g(x(ω), y 2 (ω), ω) + G(x(ω), y 2 (ω), h 1 (τ 2 ))
T (h 2 (ω), ω) ≥ g(x(ω), y 1 (ω), ω) + G(x(ω), y 1 (ω), h 2 (τ 1 ))
If the inequality (8) holds, then from (9) and (12), we get
< G(x(ω), y 1 (ω), h 1 (τ 1 )) − G(x(ω), y 1 (ω), h 2 (τ 1 )) + λ ≤ |G(x(ω), y 1 (ω), h 1 (τ 1 )) − G(x(ω), y 1 (ω), h 2 (τ 1 ))| + λ ≤ r(ω)d(h 1 (ω), h 2 (ω)) + λ.
Similarly from (10) and (11), we obtain
Hence from (13) and (14), we have |T (h 1 (ω), ω) − T (h 2 (ω), ω)| ≤ r(ω)d(h 1 (ω), h 2 (ω)) + λ
Since the above inequality is true for any x(ω) ∈ W and arbitrary λ ≥ 0, thus we have θ(r)d(h 1 (ω), T (h 1 (ω), ω)) ≤ d(h 1 (ω), h 2 (ω)) implies that
Therefore all the conditions of the Theorem 2.1 are satisfied for the mapping T and hence the random functional equation (6) has a unique bounded solution.
